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Introduction to definite integrals.

3
We have come across integration earlier, sucl’ﬁédX: 3 +C.

Because any constant term becomes zero when differentiated, then all integrals of this type will need to
include an arbitrary constaoi(unless othedetails are stated #nable us to fin@ unique solution).

These integrals are therefore ternmedefinite integrals due to the need to include this constamt.
addition, indefinite integrals givefanction as a result.

b
An integral of the formij f (X)dx is adefinite integral and itreturnsa numerical result.

A f(9dx=[a(]; = 9B) - 9(@)

wheref (X) = gij(X).

To evaluate a definite integral, we first substitute the upper limit and the lower limit in turn, and then
subtract the value for the lower limit from the value for the upper one.

4
Example (1): Find the value ofﬁ 3x% - 6xdx.

flex2 - Bxdx= [x3 - 3x2]‘21 =(4°- 3(4%)) - (2°- 3(2%)) =16+4=20.

Note that definite integrals do not include an arbitrary consteatiuse it would be cancelled out by
the subtraction:

73 - 6xdx=[x - 3¢ +cf; = (4 - 3(4%) +0)- (2°- H2) +0) =16+4=20
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Area under a curve. y

The area enclosed by the curve y =fx)
y =f(X), thex-axis and the lines

x=a and x=bis given by

Ry

N f (x)dx.

For areabelowthe x-axis, the definite
integral gives anegativevalue.

b
Also beware of cases where the curve is par f d
above thec-axis and partly below it. (x) dx

Example (2): Find the area uter the curvey = x* - 4x + 5 betweerx = 0 andx = 3.

The area is obtained by

~3 2
QX - 4x+5dx

3

ex® , _ @
-z - + N

Q—B 2X 5erI

e Uo

= (9- 18 + 15)i (0) = 6.

The area under the curve is @ace
units.

3
J y=x2—4x+5 dx = 6
0
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Example (3): Find the area under the curye x* - 2x betweerx = 0 andx = 3, and explain the result.

The area under the curve is given as y

'r"sz - 2xdx which works out as

3
ex? 7} y=x'-2x
ég‘ le;l :(9' 9)‘ (O' O):O
e

Uo 4+

The graph is below theaxis wherx is between |
0 and 2and above thg-axis wherx is between 24
2 and 3. 1

3
J y=x2—2x dx =0
0

Those two parts are equal in area, but because _ | ] + ‘ .
they are on different sides of thexis, the —1 1 1 2 3 4
algebraic area cancels out to zero. 1

Example (4): Find the area under the curye x* - 2x between ax = 0 andx = 2, and
b) x =2 andx = 3, and thus find the total area under the curve. .

From x=0 to 2, the area iﬁf x? - 2xdx y
¢ L0048 § 244
= &—- X’ =& - 40- (0-0)=-%0 6+
&3 U, ¢3 = ¢3+ 1
(This result is negative since the area is below tF 4+
X-axis.) |
From x = 2 to 3, he area is'r";3 x? - 2xdx 2T
Av3 o ~ 0 A~ 1
X 2 a8 0_a4gd A .
= é—-ng =(9- 9)-33-4o=.:—e-o > ]
e3 U, (!‘3 = (;3—
i

(This result is positive since the area is above thi
X-axis.)

Both areas are numerically equaléosquare units, and so the total area under the curve is double that,

or 2% square units.
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Sometimes we might be asked to find the area between a line (or curve) grakihe

In such cases, ifis defined as a function af then we reexpres as a function of and integrate
with respect tg.

4
Example (5): Find the area between the curye= — X 0
X

and they i axisfrom y=1to y=4.

1
We reexpressy = — such thatx is the subject ;
X

y:i2 Y Xy=4Y x*=
X

< | b

1

2 [y
T orx:2y 2. r y:iz,equi\.falenttox=i
y 6T X 4

Y x=

The area under the curve is

A2y 2 ay. ]

= (8- 4) =4.

\ the shaded areadssquare units. r \
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To find the area between a line and a cuam@ethod igo find the areas under the line and the curve
separately, and then subtract to find the required area.

Example (6): Find the area enclosed by the line 2x and the quadratig = x* - 4x + 5.

The first step is to find the limits of

integration, whichwould be the values of Y
where the line and the curve cross. 12 1
At the intersections,
X¥-ax+5=%Y xX-6x+5=0. 1
107 (5,10)
Factorisingthe resulting quadratigives (X i
1)(xT 5) =0, so the limits of the required
integral would be«= 1 tox = 5. 8+
The shaded area can be obtained by firstly 1 y = 2x
taking the area under the line 6 1
y = 2x (call it 1), and secongltaking the ] - 4x+5
area under the quadratic J b =
y=x-4x+5 (callitl,). ]
4 +
Note that the liney = 2x is the upper bound 1
of the area to be integrated, and the quadrat ]
y =X -4x+ 5 is the lower bound. 2 1(1.2)
The shaded area will be- |5 .
g : : : 1 ‘L = X
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y y

A 5
12 ) —J 2x dx = 24 12t f,=

T 1
10 + (5,10) 10+ (5,10)
8; y=2x 8+

(=2}

b ——+

S

27 277(1!2)
; t t t =X t + } } X

1 2 3 4 5 6 1 2 3 4 5 6

5 5 .
The area under the linh,, is thereforem 2xdx, or [XZ]l ,=251 1, or 24 square units.

We could have also calculatéte areausing the trapezium area formula; the base-&)(&r 4 units
and the mean of the parallel sides is ¥2(2+10) = 6 units, for a total area of 24 square units.

N 5
.5, ex3 2 a
The area under the parda, |, is ﬁx - 4x+5dx = g - 2X +5Xl‘J
. é3 Uy
€a125H 1
eae—8 50+ 2 \-?%8 2+5u

= 16g - 3}, or 13} square units.
3 3 3

1 2
The shaded area is therefa?d - 13:—3, or 105 square units

Alternative method (preferred).

The method above was shown for convenience of illustration. The area under the curve could have
been subtracted from that under the line and the whole working performed in one integration.

5
The resulting integral woulbe ﬁ 2xdx - ﬁ;xz - 4x+5dx = l’ij- x? - 5dx

3 N
evaluating toe'SX - X sk u = e75 a1250 2%- 33
3 0, & é

WO $QJ°
W
I OOl

[6)]
corQ

~

=8-- % 218, or 10Z square units.
¢ 3 3

1
3
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Example (7): Find the area enclosed by the line x-2 and the quadratig= x? - 4x + 2.

y=x2—4x+2

y=5x—-x -4
y=x-2
2+ /‘\
X t 1 =t f = X
-1 1 2 3 4 5 6

7
The line and the curve cross whén 4x + 2 =xi 2, i.e.x*-5x+ 4 = 0.
Factorising givesxi 1)(x1 4) = 0, so the limits of the required integral wouldxe 1 tox = 4.

The graph on the left shows theat x-2 is the upper function of the two,dso we need to work out

. ~ 2 o
the integral asf) X- 2 dx- QX - 4x + 2dx.

Notice how the area to be integrated appears to be partly aboveattie and partly below it, as on the
graph on the left. This does not present a problem asampgle (3) because we are integrating the
differencebetween the two functions, whose graph is on the right. This difference is positive
throughout the interval as can be seen by the shaded area.

We can either work out the integrals separately andatithe lower one from the upper one, or we
can subtract before integrating. The second method is quicker, as it involves &éindintegral rather
thantwo, and so we will use this shorter method.

L e ~ o ~ 2
The resulting integral is) X- 2 dx- nx - Ax+2dx = n5x- X - 4dx

A 2 3
which evaluates t(g5—- L 4X é40 35—48 163 é— %8 43
3 & ¢3+ |

50 1 .
1—0, or 4— square units.
6o " 2™

I
N

winN
1

‘O Qe
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Example (8): Find the area enclosed by the quadratissé - 4x + 9 andy = 25- X2.

The limits of the required integnd
are the values of where the two
guadratic graphs intersect.

We must solve the equation
X -4x+ 9 = 25- X,
i.e.2X-4x-16 = 0.

Taking out the common factor of 2
and factorising

X2 - 2x - 8 = Ogives

(x+2)(xi 4)=0.

\ the required integrad would have
limits x=-2 tox = 4.

The shaded area can be obtained by taking the area under the uppey s@¥ex?,

Page9 of 23

=X —4x+9

—-10

followed by

taking the area under the lower curye x* - 4x + 9 and finally subtracting thesond value from the

first.

Therefore, the required area is given by

f_‘i 25- x2 dx- ﬁ; X2 - AX+9dx = f_‘i16+4x- 2x2 dx

= 216x+2x '_l)

é
%6 i8 2324+168'3
& 3+ ¢ 3+

1280 a
¢
= 120- 1;;4 =72
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Examination questions often involve finding irregular areas, where we calculate an integral for part of
the answer, but then add or subtract areas of other shapes such as trapezia, triangles or rectangles.

Example 9) (Omnibus).

The points A, B and C lie on the curye 16",

. Faut
o =

A O

m s+—
3

i) Find they-coordinate of point C, given that tkecoordinate of C is 1.

i) Find thex-coordinates of points A and B.
i Y 4
iii) Find nz(16- x7)dx.

iv) Hence calclate the area of the shaded region bounded by the curve and the line AC.

(CopyrightAQA, GCE Mathematics Pap€1, May 2008 Q5, alteredl

i) They-coordinate of point C is 1&*, namely 5.

i) The solutions of 16 x* = 0 are those of* = 16 ,i.e.x= 2 andx = -2.
Therefore points A and B are2( 0) and (2, 0).

N 1
ol 4 & x°g & . 1§ & 320
i) fj, (16~ x*)dx = glGx- ok é%ﬁ- ol 32- 24,

1524055 = m2
5 75 5
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i o (1.19)

(2.0)

X

(2.9) )\ (1.9
A 0 X

m =

iv) The areaf the shaded region camost easily be calculated by subtracting the area of the triangle
AXC from the integral result of part iii). (This is easier than finding the equation of the line AC, which
only creates extra work).

Since the base of this triangle is 3 units and thghtés 15 units, its area is¥233 15 = 22% sq. units

The shaded area is theref04lé.Z - 22l = 18g square units.
5 2 10
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Example (10)(Omnibus). The graph of = 7x - x*i 6 is sketched below.

y = TX—xX' -6

) \

A

i) Find dy and hence find the equation of the tangent to the curve at the point on the curve wBere
dx

Show that this tangent crosses xhaxis wherex = 2,
3
i) Show that the curve crosses thaxis wherex = 1 and find thex-coordinate of the other point of

intersection

2
i) Find - (7 - x® - 6)dx.
Hence find the area of the shaded region bounded by the twev@ngent and theaxis.

(Copyright OCRMEI, GCE Mathematics Paper82 January 2009, Q.10

i) %’ =71 2%, so wherx = 2, the gradient of the tangent isi(4) = 3 at that point, whosecoordinate
X
is (147 471 6) or 4. The curve therefore passes through the point (2, 4).

The equation of this tangentys 4 = 31 2) Y y=3xi 2.

The tangent crosses thexis when 81 2 =0, i.e. whenxx = 2,
3

i) Whenx=1,y=7x -x2i 6 Y y=7i 11 6 =0, so the curve crosses thaxis wherx = 1.

Since, by the Factor Theorenxi(1) is a factor offx - x?i 6, inspection of the quadratic and
constant terms reveals {6« as the other factor.

The other point of intersection of the curve andxtais is therefore (6, 0).
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&7x? 5

il ﬁz(7x- x* - 6)dx = el X U %4- = 128 ge?__ 1_ 68'3
% 20.5228- o1
TR T %N 6

To find the area of the shaded region, we need to subtract the integral just found from the area of the
triangle bounded by the point§( 0), (2, 0)and (2, 4).
3

1.4 2
The base of this triangle # units and its height units, so its area is§3 53 4= 25 square units.
3

o 2 .1 1 _
The area of the shaded region is therefBF,oe): - 26 = E square unit.
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Mechanicsexamples

Recall the following:

_ . . iy S
Velocity is the rate of change of displacement with respect to tjnmepther wordsy = a .

. L . dv d’s
Acceleration is the rate of change of velocity with respect to tim@ soa or a= F
To obtain velocity from displacement, or to obtain acceleration from velocity, we differentiated.

We can also carry out the processes in reverse as follows:

S= ﬁ/dt To find displacement from velocity, we integrate.

V= F‘Pdt To find velocity from acceleration, we integrate.

Also, the area under a velocity / time graph is equal to the total displacement.
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Example (11): A high-performance car is being driven along a long straight track for 80 seconds.
Its velocity is modelledby v = 14t i 0.752 wheret is the time in seconds afdt t ¢ 8.

i) Find the velocity of the car after 8 seconds.
ii) Find an expression far, the distance travelled, given that at0,s= 0.
iii) Find the total distanceavelled by the car aft& secondsccording to this model

After the car has been driven for 8 seconds, the velocihoielledby
v=32%/t, 8<t ¢ 64.

iv) Explain why the previous model;= 14t 0.752, cannot be used for> 20.
v) Find thevelocity of the car after 27 seconds.
vi) Find thetotal distance travelled by the car after 27 seconds.

vii) The car reaches its maximum velocity after 64 seconds, and assuming that this velocity remains
constant, find the total distance travelled a&@rseconds.

i) Whent = 8,v= (143 8)1 0.75(8) = 112- 48 =64 m/s

ii) We integrate to find the distance travelled by the car:
fj4t - 0.75°dt = 7t*- 0.28° +c

Sinces= 0 whent=0,c = 0, sos= 7t?i 0.25°.

iii) The total distance travelled by the car8rseconds is

8
fla- 075%dt=[7t* - 025°] =448- 128=320 metres

This distance also corresponds to the area under the curve below.

v
80 +

v = 14t - 0.75

60 +

Velocity
(m/s)

40

Area =320

20 +

Time (s)

iv) Substitutingt = 20 into the formula = 14t i 0.75°would give a result of = 2807 300 @ -20 m/s,
which implies the car is being driven in reversgSee diagram above)
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v) After 27 seconds,V =32 3/27 =323 3=96mis.

27
vi) We need to evaluatg] 323/t dt here;

e zz

4

R SR <7 51 N L _

f 32%tdi= [ 32% dt =e,u =&4°y = 248116 =156C
é - u é Ug
é 3

The car has travellet660 metres from the end thfe 8" second to the end of the®®7but we must
add the 320 metres travelled in the first 8 seconds, giving a total distab@8Mietres

iii) To find the distance covered betwetiie 8" second and the 84we evaluate

} é ilgGA
64 323 dt = @4t°) = 24(256- 16) =5760.
é

After 64 seconds, the velocity 6= 323%/64 =323 4=128m/s (that is 286 mph !)

From 64 to 8Gsis anotherl6s, so the car Wibe travelling a further 16 128 metres, or 2048 metres.

80

More formally, fy 128dt = [12&]%= 10240 8192=204¢.

6

The totd distance covered is therefore 320 + 5760 + 2048 = 81@& mbout 5 miles !)
See digram below.

> <

150

v =128t > 64

;
v=13208<t<64

v=14t-075f0<t<8

|

100 T

Velocity
(m/s)

50 T

320 m 5760 m 2048 m

Time (s)
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Example (12): A particle moves in a straight line which passes through the fixed @oint
Its accelerationin cm/<, is given bya = 12- 6t wheret is the time in secondsd0 ¢ t ¢ 8.
i) Given that the initial velocity of the pacte is 15 cm/s, findr in terms oft.

i) Find the maximum value of, and the time at which this maximum occurs.

i) By factorising the expression fat show that the particle has a maximum displacement-z.

iv) Using the expression farobtdned in i), find ﬁ v dt and v dt.
0

DO

What do those results tell us about the displacement of the particle
a) after5 seconds and b) aft@rseconds ?

i) Weintegratea to find the velocity;v = fdt = fj.2- 6tdt =12t - 3t* +c.

Givenv = 15 whent = 0,we havec = 15, sov =15+ 127 3t%

i) Sincea = 0 whenv takes a maximum value, we solve-1& = 0 givingt = 2.
Substitutingt = 2, we haver = 15 +24i 12 = 27.

\ The particle attains its maximum velocity af 2m/s after 2 seconds.

Vv

40

20

Local Maximum
(2,27)

—

Velocity
(cm/s)

-20

v = 15+12t-3f

-40

Time (s)



Mathematics Revision GuidésDefinite Integrals, Area Under a Curve Pagel8 of 23
Author: Mark Kudlowski

iii) Maximum displacement implieg = 0, so we solve the equati@d + 127 3t = 0.
15+127 3%=0 Y 5+4ti =0 (dividingby3) Y (5-t) (1 +t) =0 (factorising)
Given the conditio® ¢ t ¢ 8, the aly applicable solution it = 5.

iv) Sincev=15 + 127 3t?, we can integrateto obtain the displacemest

15412 - &2 dt = [15 + 62 - 1} = 75+150- 125=100.

Dl

\ The particle moves 100 cm in the positive direction in the first five secandsfrom the result in
i), that value of 100 cm is the maximum displacement

15+12t - &2 dt=[15 +6t? - t°[} = (120+384- 512 - (75+150- 125 =- 108

Dl

\' The particle then moves 108 cm in the negative direction between the fifth and the eighth seconds.
As a result, is has a net negative displacement of 8 cm.

As an aside, we aid have shown that result by evaluating
8

A 15+12 - &2 di=[15 +6t? - ], =120+384- 512=-8.

0

2

See diagram below.

A

40 ¢

20 71

Area : 100

Veloity G- bbb
(cm/s) 1

-20 - Area: 108

v = 15+12f-3f

60 T

-80 1

Time (s)
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Integration and Transformations.

We can use the properties of transformation of functions to evaluate several integrals from one.

4
Example (13):In Example(1)we calculated thatﬁ 3x? - 6xdx = 20.

Without carrying out any further actual integration, and lett{rg= 3¢- 2x, find the values of
6 4

i) I”Sf(x)+5 dx; i) f) F(x-2) dx; ii) a) rﬁZf(X) dx; iy b) f)- 2F(3) dx
f(2x) dx

iv)

1

4

v) Explain, with the aid of sketches, why it is not possible to fﬁif (x- 2) dx and
4

r’j f (2x) dx without actual integratiorHence evaluate the integrals.

vi) Find the value of theanstant such that
4

r;f(x)+k dx=0. y
50 T
The original graph off(x) is shown on the right. 40 1 y = f(x)
Note the integration limits of = 2 tox = 4 and 30 1
an integral value of 20. [
Because the area to be integrated is entirely 20 4
above thec-axis, it coincides vith the integral. [
10 1 f(x) dx =
20 2
: : — = x
-4 -2 _ 2 4 6
—10 +

i) The graph off(x) + 5 is a vertical translation of
the graph of (X) by 5 units in the positive-
direction.

The integral has increased in value to 30, because
&

FSf(x)+5 dx = N f (x)dx+ 65 dx

2 4
or fj f(x)dx+[5x]3 =20+ 10=30

This value could have been calculated without
formal integration, because we have added a
rectangle to the original area

This rectangle has a width of-@) or 2 units, ana@ height of 5 units, for an additional area of 10 dnits
hence the total area of 30 ufits

~P >

To generalise,fj fO)+k dx=p fO)dx+ [k = A f()dx+k(b- a).



